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Abstra ct. In this paper we develop methods for determining the asymptotic
behavior of rational points on the Cantor middle thirds set. Particularly we
are concerned with how many reduced rational points with denominators from
1to N lie on the set.

1. Definitions

To facilitate our exploration of rational points in the Cantor middle thirds set, we
have included se\eral key de nitions.

De nition  1.1. A rational number % 2 Q is a Cantor rational if it meetsthe
following conditions:

() % is in the Cantor middle thirds set, asde ned in [1]

(2) p and g are relatively prime, i.e. % is in reducedform.

Denote the Cantor rationals by the symbol Mqg. Hereafter, abbreviate \g is a
Cantor rational" by &2 Mq.

Becausewe are working towards estimating the total number of Cantor rationals
with denominator g, wherel q N, we must introducethe notation we will use
to denote this sum.

De nition 1.2. De ne A, to be the set of Cantor rationals with denominator n.
De ne jA,j to be the number of elemens in A,.

De nition 1.3. Dene C, to be the total number of Cantor rationals with de-
nominator g, wherel g N.
X\I . .
Ch = JA]
i=1
The Cantor middle thirds set is constructed in a way that favors the use of base
three over baseten. Therefore, we intro duce the following de nition.

Denition 1.4 ([1]). The sequenceof integers0:5;5,S3::: where eat s; is either
0;1; or 2 is called the ternary expansion of x if
s
i

iz 3
Represening numbersin this way provides us with a simple test for Cantor ratio-
nality. If a number's ternary expansionis everntually periodic, then that number is
rational. If, further, that number hasa ternary expansioncontaining no ones,then
it is a Cantor rational. See[1] for more details.

1

X
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Note that somevalueson [0; 1] have multiple ternary expansions. In caseswhere
the period is 0 or 2 there is a potential ambiguity. For example,

1 1:000:::
0:222:::
In such cases,we choosethe expansion containing no ones, if it exists. If both
possible expansionsof a number cortain ones, then that number is not a Cantor

rational. In the above example we may choosethe secondexpansion, which con-
tains no ones,and thus12 Mq.

In addition to using the ternary expansionof a number, we also found the 3-adic
expansionto be a useful tool for determining Cantor rationality. It is important
to note that using p-adic numbers was not necessaryto our theorems (the reader
may wish to dewelop the proofs for themselves using simpler considerations), but
using p-adics made the proofs clearer and shorter. We will how briey introduce
the readerto the notion of p-adic numbers as described in [3].

De nition 1.5 ([3]). Let p2 N be any prime number. De ne amapj j, on Q as
follows:
s~ fx60

iXin = p
e 0 if x=0;
where
_ the highest power of p which divides x; if x2 Z
ordpXx =

ordpa ordpb; ifx=2,a,b22Z;b6 0
Call this map the p-adic norm.

De ne Qp to be the completion of Q with respect to the p-adic norm. We call
Qp the eld of p-adic numbers, wherethe elemeris of this eld are equivalence
classesof Cauchy sequencesn Q with respect to the extension of the p-adic norm.

Speci cally, we will work with 3-adic numbers.

Denition  1.6. The sequenceof integersd , :::d 1:dod;d2d3:::, where eadh d
is either 0,1, or 2 is called the 3-adic expansion of a if
R .
a= dip':
i= m
We know that the 3-adic expansionrepreserts a rational number if and only if it is
evertually periodic to the right [3].

There is no ambiguity in 3-adic expansionslike that which we encourtered with

ternary expansions. It is a property of the p-adic metric that if two p-adic series
corverge to the same number, then they are the same series. Since the 3-adic
expansionis just one suc series,the 3-adic expansion of a number is unique [3].

We will frequertly call on the fact that the ords of a number is equivalent to the
number of leading zerosin its 3-adic expansion.

In the terminology of the p-adic numbers, an expansionwith no digits to the left
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of the decimal represerts a 3-adic integer. Many numbers which are not integersin
R are integersin Qp. For instance,

1 _—
— = :1220
13

is an integer in the 3-adic eld.

2. The 3-adic field and the Cantor rationals

With the following theorem, we intend to show that the test for Cantor ratio-
nality that we applied to ternary expansionscan also be similarly applied to 3-adic
expansions.

Theorem 2.1. Let q be not divisible by three and p g Then % is a Cantor

rational if and only if the 3-adic expansion of g contains no ones.

Proof. Since g is rational, with q not divisible by three, it has a purely periodic
ternary expansion, g = O@aaz 7 a,, for somen. From elemerary number
theory, this meanswe may write

p a3 1+ a3 2+ +a,
q 3 1
1
= gt + 23" 2+ 3" 1
In the eld of 3-adic numbers, we have that
CH. . 3"
1 3 o
Note that this sum is only converqert for 3-adic numbers. Thus,
p L
L - 3n| an + + a23n 2+ a13n 1
q i=0
= &, a

when expanded 3-adically. From this we seethat the 3-adic expansion of g con-
tains a oneif and only if the ternary expansionof % does,and we are done.

3. Some Helpful Obser vations

Lemma 3.1. The following facts hold for rational points on the Cantor middle
thirds set:

(1) The Cantor middle thirds setis invariant under re ection around the point
. We call the re ection, R(g) = % the complement of %

(2) The Cantor middle thirds setis invariant under division and multiplication
by three, so long as the product still lies in the interval [O; 1].

Proof. (1) follows immediately from the symmetry of the set. (2) follows from the
fact that multiplication and division by three simply translates the decimal point
to the right or left, respectively, and thus presenesthe no-onescondition. Solong
as multiplying by three doesnot land us outside our interval, it presenesour con-
dition for Cantor rationalit y.
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Corollary 3.2. Aq is nonempty if and only if Azq is nonempty.

4. Spawning Sets

We have described seweral generalproperties of Cantor rationals and have discussed
the two ways that we will be represeriing them - 3-adically and in ternary. We
cortinue with a de nition that follows from the facts preserted thus far, speci cally
from Corollary 3.2.

De nition  4.1. De ne A, to beaspawning set for the Cantor rationals if A is
non-empty, and g is not divisible by 3. De ne the sets, Azq; Agqg; Az7q; Agiq;::: tO
be the child sets of Ag.

After proving the relatively simple obsenations above, we ran seweral computer
experiments and noticed that the elemerns in the spawning sets had a particular
structure: exactly half of the elemens had numerators divisible by three and these
elemerts correspondedby re ection to those elemeris with numerators not divisible
by three. The following theorem establishesthat exactly half the elemers of a
spawning set are divisible by three.

Theorem 4.2. Let Ay be a spawning set. Then % 2 Aq hasp divisible by three if
and only if its complement, % has (g-p) not divisible by three.

Proof. () ) Let p bedivisible by three. Then using simple number theory, we know
that if 36 qthen 36 (q p).

(( ) Conversely let p be not divisible by three. Then certainly -p is also not
divisible by three, and soit will have a non-zeronumber for its rst 3-adic digit.
Thus,

orda( f—;> = ords( p) ords(g) = ords( p) = ords(p) = O;

which implies that g will also have a non-zero rst 3-adic digit. Theorem 2.1
dictates, then, that this digit be a two. Adding oneto both sides,it is clear that
R(g) = % has a zerofor its rst 3-adic digit, and thus,

qa p
q

ords(q p) = ords(q p) ords(q) = ords( )>0;

asrequired. Note that if Aq is a child set, then it contains no
g with p divisible by three, becauseit must have q divisible by three, and sinceall
g 2 Aq must be in reducedform, p cannot be divisible by three.

We have thus far discussedsome basic facts about rational points in the Can-
tor set and about rationals in the spawning sets. At this point,we are concerned
with two questions: for which g is Aq a spawning set, and how many elemerns does
ead spavning set contain? We will start our exploration by examining for which
generalq Aq is a spavning set.



Theorem 4.3. Asn 1 is a spawning setfor all integersn, andall 2 Z suchthat:

1) j3" 1
X1
(2) j a;3' for some combination of a; = 0 or 2:
i=0
P _
o ad = .
3) WIS reduced.

Furthermore, all spawning setsare of this form for some .

Proof. Clearly 3" 1 s not divisible by three, and soit su ces to show that Az 1

is nonempty. To show this, we need only consider the de nition of the ternary
expansion. If a % has period n, this meansthat we may write

p _ i in:olaisi.
q 3 1 °

where our condition for Cantor rationals is that ead a; be either a zeroor a two.
Sincewe assumethat  divides both the numerator and the denominator, for some
combination of &, and we assumethat after dividing both by , we have a reduced
rational, we have that As» 1 is nonempty, and thus it is a spavning set for all

integersn and satisfying (1)-(3).

To show that all spawning setsare of this form, assume® is an elemert of a spawvn-
ing set. Then it hasa purely periodic ternary expansion,and thus from elemenary
number theory we may write

P .
P_ o s

q 3 17

wherethe a; are the digits in the period of %

Though we cannot identify all that will yield a spavning setin the above formula,
we can de nitiv ely say that the following two formulas will be spavning setsfor all
integersn.

Corollary 4.4. As . is a spawning set for all integersn.
2

Proof. Note that 3" 1is always ewen, asareall the a;. If we take the specic case,
a=22a=08i60 =2 wegetthat 315 2 My. Thus Az s is a spavning
setfor all n.

Theorem 4.5. Az, is a spawning set for all integersn.

Proof. Certainly 3" + 1 is not divisible by three, and so it suces to show that
A3z, contains at least one Cantor rational. We divert our attention momertarily
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to ternary expansionswhere the period is of the following form: Let &y = 2 &;.
O:aza;
O:aara1;
0:a1@a3218283

Oa;:::ana;:::ay
If werestrict eadh a; = 0 or 2, then certainly sequencesf this form represern Cantor
rationals. We will seethat these are precisely the expansionsfor ﬁ Recalling
the de nition of the rational period, we may write the general caseas follows:
N(ag:iian)+ 3 1 apiiian
3 1
3" D(ar:ray)+ (3" 1)
(3" + )3 1)
ai:ilapn+ 1
3IN+1
However, we cannot be sure that all combinations for the numerator will yield a
rational in reducedform (in most cases,they won't). But sincea; = 0 8 i gives
ﬁ, we know that Aszn.; hasat least one elemen, and thus Aszn 41 is a spavning
set for all n.

O:as:::apag:::ay

Unfortunately we cannot answer in closed form the question of divisibilit y, and
sowe will only be able to predict the occurrenceof spavning sets approximately.
For the time being, then, let us turn our attention to the question of how many
elemerts a given spawvning set will contain.

5. Resul ts

Building on what we have establishedsofar about spavning setsand their elemers,
we are ready to make a statemert about how the number of Cantor rationals with
denominators lessthan a given value will grow. Specically we dewelop a strict
minimum, which we can use to describe the asymptotic behavior of the Cantor
rationals.

Theorem 5.1. Let Aq be a spawning set. Then jAgcqj = 2K LAg). for k 1.

Proof. Let Aq be a spawvning set.

Casel: Let k = 1. By Theorem 4.2, we know that precisely half the elemeris
of Aq are divisible by three, and half are not. Thus, when we apply Theorem ??
to those that are divisible by three, they will correspond to other elemeris in Ag.
And when we apply Theorem ?? to those elemens of Aq that are not divisible
by three, they will ead correspond to a unique elemert in the child set, Azq. By
Theorem ??, ead of these elemeris has a unique complemen, alsoin Azq. Thus,
JAsq) = 2 % JAql = jAq):

Case?2: Let k > 1. By lemma ?? we know that none of the Cantor rationals in the
child setscanbe divisible by three. So,unlikein the caseof spavning sets, Theorem



?? givesthat all of the elemerts in Asq, yield a unique elemert in Az . Again,
by Theorem ??, eadh of thesenew elemerts hasa unique complemert in Az q. SO
ead elemert in Az, correspondsto two elemerts in Az g by this construction,
and sojAszi g = 2JAzkgj. Combining casesl and 2, we havejAgzqj = 2¢ LA

From thesetwo theorems, we can calculate precisely a very useful quartity. Let A;
be a spawning set, and take N to be the sum,
iN = inj + jASij + jAQij + it jA3b|og 3(-""—)cij:

This sums the contributions of the spawvning set A; and all its child sets with

denominators lessthan N. We can simplify N rather nicely.
iN = inj+jA3ij+jA9ij+ :::+jA3b|og3(“lL)cij
= JATE AT A+ e 209000 TAy)
bIog3k’?—)c 1
k=0

— inijIog3(“i‘f)c

If we obsenethat bxc x 1, we get a very nice formula for N.
e injzblogs(Ni—)C
jAjj20gs () 1
_ A N, log2
= 3 explog(5 log3

= %N B SAji o
Then, our original quartity, Cy is simply the sum of all the s,
o] >(\l 0
cv AN s B
2 i=1
where herethe S; are spavning sets. The next task will be to discover the asymp-
totic behavior of this quartity.
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